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Let o(x, ,..., xk) and u(xr ,..., xk) be any monomials, f(x, ,..., x~) = 
@I ,**., Xt) - u(q >..., xk), and degf the total degree of f(zl ,..., xk). A poly- 
nomial identityf(x, ,..., x~) = 0 will be called a semigroup identity. 
Examples of rings with semigroup identities. 
(1) R is a commutative ring. Then we take f(xl , ~a) = xi.‘cz - x.~x, . 
(2) R is a finite ring. Indeed (see, for instance, [5]), let I R j = r < 03. 
Consider fi : R -+ R, i = I,2 ,..., given by fi(a) = ui for all a E R. We have 
no more than F-I distinct maps fi . So fit = fi for some I < K. Thus ux- = a2 
for all a E R and we take f(x) = .G’ - 9. 
We remark that varieties of the form var(R), where R is a finite ring, were 
described in many ways among all other varieties of rings by Lvov [5, 61 and 
Kruse [7]. 
Our main result is the following 
THEOREM. Let R be a semiprime associative ring with a semigroup identity. 
Denote the variety of R by var(R). Then var(R) = var(A @ B), where A is a 
finite ring and B is a commutative ring. 
The proof uses two lemmas. 
LEMMA 1. If F is afield, R is anF-algebra, K C F\(O), / K / > n, a, ,..., a, E R, 
and 
Au, + Y-a, + ... + Pa, = 0 
for all/lEK, then a, = a2 = ... = a, = 0. 
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Proof..’ If not, then a, # 0 for some i, 1 < i < n. If v is a subspace 
generated by a, , a, ,..., a, and m = dim V, then 1 < m < n. Let b, ,..., b, 
be a basis of V, aj = alibi + ... + olmjb, and oli # 0 for some s, 1 < s < m. 
Now ha, 1. X2a2 + ... + Xnql = 0 for all X E K and hence 
f(A) = ha,l + A%,, + .” + Pcd,, = 0 
for all h E K, but 0 # f(h) EF[A], f (0) = 0 and deg f (X) < n. A contradiction 
withlK1 >nandK$O. 
LEMMA 2. Let F be a field and GL(n, F), n > 1, a full linear group with a 
semigroup identity o(x, ,..., xk) = u(xl ,..., xk) of total degree m 3 2. Then 
IFI <m-l. 
Proof. Suppose deg ZI < deg u = m and the first 1 letters of the monomials 
$x1 ,...> x& and u(xi ,..., xk) coincide. Clearly 0 < 1 < deg z, < deg u = m. 
Case 1. u(xr ,..., xk) = ZJ(X~ ,..., XJ xal(x, ,..., xk) (i.e., 1 = deg v). Then 
Wl(U, ,...7 uk) = E for all a, ,..., uk E GL(n,F), where E is an identity matrix 
Now take a, = u2 = ... = ak = hE, where 0 # h E F. Verify by direct exami- 
nation that h”l-lE = E, i.e., P+z = 1 for all 0 # h EF. So 1 F 1 < m - I+ 
l<m+l. 
Case 2. u(xl ,..., xk) = uI(xl ,..., xk( x,u2(xL ,..., xk) and zJ(x )..., XJ = 
Q (XI >.‘., Xk) vJ&, 9 * *. , x&, where i # j (i.e., 1 < deg v). Then u~u,(u, ,..., uL) = 
ujv2(ul ,..., uk) for all a, ,..., a, E GL(n, F). Let Eij be a matrix which has zero 
in all places except the place i x j, where it has identity, and A = E,, , 
B = E2, + El, . Let K = F\{O, -l} (if 1 F I = 2, then 1 F 1 = 2 < 3 < 
m+ 1). Now 1 +M, 1 +hBEGL(n,F)f or any h E K. Inserting the special 
values a, = 1 + hA and a, = 1 + hB, 1 < t < K, t # i, we have (in the matrix 
algebra F,) 
0 = U$d2(U~ )...) Uk) - UjV2(Ul )...) a,) = Ag, + x2g2 + ..* + +zgm-l, 
where g, E F, , 1 < r < m - 1. We know that A2 = AB = A and B2 = 
BA = B. So 
g,,+, = A - B = -E 21 ) if deg v = deg u, 
= A, if deg v < deg u. 
1 As marked by Goldie, there is another way to prove it. Since 
A, A, ‘.. A, 
(a1 9a2 ,***, 4 
&2&a . . . A”2 
( 4 
: : =o 
x;q,* . .. x;n 
. 
for dlstlnct X, ,..., A,, E K and 1 hj* / = X, ... A, l%,j (hi - h,) # 0, then a, = 0 ,..., a, = 0. 
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In both cases g,,+, # 0. Then appropriate application of Lemma 1 (R = F, 
and K$O) gives us jKj <m-i. So IFI =IK1+2<m+2--I< 
m + 2. Thus ) F ) < m + 1. This completes the proof of Lemma 2. 
Proof of the theorem. Since var(R) = var(Q(R)), where Q(R) is a complete 
right quotient ring of a semiprime ring R [2, Theorem 51, and R is a ring with 
a semigroup identity f (x, ,..., xk) = 0, then Q(R) is a semiprime regular ring 
with the same identity f (x, ,..., xk) = 0. 
Let I be a prime ideal of Q(R) and C, = Q(R)/I. Then C, is a prime regular 
PI-ring, so (see, for example, [4, Lemma 7.3.2; 3, Theorem 19.26.A]) C, = g,, , 
where gn is an (n x n)-matrix ring over a skewfield 9 which has finite dimension 
over its center 2. 
Suppose C, = Bn is a noncommutative ring and let F be a maximal subfield 
of 9. 
Let us suppose for a moment that 2 is an infinite field. Then (see, for example, 
[3, Theorem 3.161) ka, @F = Fnk has all semigroup identities of g,, . Since 
g,, is noncommutative, nk > 1. But F r) 2, GL(nlz, F) is a group with a semi- 
group identity f(xi ,..., x3 = 0, and nk > 1; therefore Lemma 2 gives us the 
required contradiction. 
ThusZisafinitefield.So~=Zandn>I.ByLemma2,/Zj<m+1, 
where m = deg f. 
Since all such 2, satisfy the same identity f(.q ,..., xk) = 0, n < d(f), 
for some integer d(f) (by Kaplansky’s theorem [I, 41). 
Consider the following class of finite rings: 
5’ = {C, = Q(R)/A Cl G Z, , I 2 I < m + 1, n < d(f )>, 
where I runs over the prime ideals of Q(R) and 2 is a field. Certainly / S 1 < CO, 
say, S = {C, ,..., CJ. 
Let A = C, @ ... @ C, and B = I’J C, over all commutative rings C, _ 
It is clear that var(Q(R)) 2 var(A @ B). 
Let g(xi ,..., x1) = 0 be an identity for A @ B and let I be a prime ideal 
of Q(R). If Q(R)/1 is commutative theng(x, ,..., xl) = 0 is an identity for Q(R)/1 
because it is an identity for B. If Q(R)/1 is noncommutative then Q(R)/1 g Ci 
for some 1 < i < s and g(x, ,..., XJ = 0 is an identity for Q(R)/1 because it 
is an identity for A. Thus for any given prime ideal I of Q(R), g(x, ,..., x1) = 0 
is an identity for Q(R)/1 and so for Q(R). This completes the proof of the theorem. 
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